We investigate the geodesic motion of massless test particles in the background of a noncommutative geometry inspired Schwarzschild black hole. The behaviour of effective potential is analysed in the equatorial plane and the possible motions of massless particles (i.e. photons)
I. INTRODUCTION
In General Relativity (GR) black holes (BHs) are obtained as exact solutions of Einstein's field equations [1] [2] [3] [4] [5] . In GR, the curvature singularities which are best exemplified by the BHs emerge in a way such that the classical description of the gravitational field breaks down. In order to obtain physically reliable scenarios in spacetime regions teased by such curvature singularities, one has the only possibility of rendering some formulation of the quantum theory of gravitation. The noncommutativity is a mathematical framework which provides us insight into a theory of gravity which is compatible with quantum mechanics by successfully removing the singularities those appear in GR [6] . This is possible by replacing the position Dirac-delta function with a Gaussian distribution that presents a standard minimal width. In this way, the divergences that appear in GR can be avoided because noncommutativity will replace point like structures by smeared objects [7, 8] .
The study of geodesic structure of massless particles in a given black hole (BH) spacetime is one of the important ways to understand the gravitational field around a BH spactime.
The geodesic motion around various spacetimes in diverse contexts (for timelike as well as null geodesics), both in GR and alternative theories of gravity, are studied widely time and again .
In the last few years, various BH solutions inspired by a non-commutative geometry were found and important investigations have been done concerning these BH spacetimes [48] [49] [50] [51] [52] .
The study of non-commutative BHs is of interest because they yields interesting information about their behavior and properties and also aquires a deeper relevance in the research of the quantum nature of spacetime at very high energy scales. Ansoldi et al. derived a new non-commutative geometry inspired solution of the coupled Einstein Maxwell field equations describing a variety of charged, self-gravitating objects, including extremal and non-extremal BHs [53] . Reissner Nordström BH in non-commutative spaces is also studied by Alavi [54] .
The tiny effect of noncommutativity on the efficiency of the Penrose process of rotational energy extraction from a BH is studied in the background of non-commutative Kerr BH by Grezia et al. [55] . The behavior of the charged rotating non-commutative BHs was studied by Modesto et al. [56] . Chabab et al. studied the Schwarzschild BHs in a D-dimensional noncommutative Space. In this work, various aspects related to the non-commutative extension are discussed and some non trivial results are derived [57] . Recently, Rahaman et al. have constructed a BTZ BH solution in non-commutative geometry [58] . Further, Rahaman et al. have also studied the motion of massive and massless test particles in the gravitational field of a non-commutative Schwarzschild BH [7] . The motion of the test particles in static equilibrium as well as non-static equilibrium are discussed using Hamilton-Jacobi formalism in [7] . This paper is organised as follows. In section II, a brief introduction to the spacetime considered is presented. In section III, we have discussed the geodesics of massless particles along with the nature of the effective potential followed by the structure of photon orbits.
The study of the frequency shift of photons emitted by massive particles moving along circular geodesic in equatorial plane is presented in section IV. In the last section, we have summarized our results with future possibilities. It is observed that due to the presence of noncommutitavity, the gravitation attraction for NCBH spacetime is found weaker than that of a SBH spacetime in GR.
II. NON-COMMUTATIVE BLACK HOLE SPACETIME
A non-commutative Schwarzschild black hole (NCBH) spacetime [6] is described by
where,
Here, γ is the lower incomplete gamma function that has the expression,
and √ ǫ is the width of the Gaussian mass-energy distribution of the source. In the limit r √ ǫ → ∞, the NCBH metric reduces into a SBH spacetime. The horizon radius (r h ) is given by f (r h ) = 0, which leads to,
The Eqn.(2.4) cannot be solved in a closed form. However, the existence and position of horizon can be visualised numerically from Fig.(1) . Here, noncommutativity introduces a new behavior with respect to the standard SBH. The intercept on the horizontal axes give Further, in terms of upper incomplete gamma function, the Eqn.(2.4) reads as,
Here, the first term corresponds to the Schwarzschild radius while second term is a correction term with ǫ. At first order in m/ √ ǫ,
One can observe that the effect of noncommutativity is very small at large distances, while at short distances, the quantum geometry becomes quite important.
III. NULL GEODESICS
In this section, we study the radial and non-radial null geodesics alongwith the possible orbit structure for spacetime given by Eqn. and g abẋ aẋb = 0 respectively [4] (where dot denotes the differentiation with respect to an affine parameter). Now using the geodesic equations, their first integrals can be obtained
here, E γ and L γ are the energy and angular momentum of an incoming test particle. The constraint on null geodesics for the line element given by Eqn.(2.1) therefore reads as,
Further, using Eqn.(3.1) and Eqn.(3.2), the radial velocity in the equatorial plane is given as,ṙ
Comparing Eqn.(3.4) withṙ 2 + V (r) = 0, the effective potential for null geodesics can be defined as,
A. Radial geodesics
The radial geodesics correspond to the trajectories for incoming photons with zero angular momentum (i.e. L γ = 0). For radial null geodesics, the radial velocity given in Eqn. (3.4) reduces to,ṙ
on integrating Eqn.(3.6), we obtain,
Eqn.(3.7) shows that the radial coordinate depends only on energy E γ and is graphically which can be further integrated as,
For the t-r relationship given by Eqn.(3.9) as depicted in Fig.( 2), one can easily notice that a massless test particle crosses the event horizon in a finite proper time (τ ) while it approaches asymptotically the event horizon in terms of the coordinate time (t).
B. Non-radial geodesics
Now, let us discuss the null geodesics with angular momentum (i.e. L γ = 0) i.e. non-radial geodesics. The effective potential for non-radial null geodesics is given by,
In Fig.3 (a), the effective potential has been presented for different values of ǫ. It can be seen that the height of potential decreases with the increasing values of parameter ǫ. The effective potential shows a maxima which corresponds to an unstable circular orbit. It is also observed that with the increase in the value of non-commutative parameter, the peak is shifting towards the right, which signifies the shifting of circular orbit away from the central object. The variation of effective potential with angular momentum is shown in Fig.3 (b) and one can note that the peaks of potential increases with increasing values of angular momentum. In case of null geodesics, E γ and L γ do not have direct physical significance as such. However, their ratio L γ /E γ i.e. impact parameter (D) plays a similar role as that of the energy and angular momentum of the incoming test particle in case of timelike geodesics [1] .
C. Analysis of photon orbit
To analyse the motion of photons, the corresponding orbit equation can be obtained by using Eqn.(3.2) and Eqn.(3.4) as,
This expression can be re-expressed as,
with, The condition of circular orbit i.e.,ṙ = 0 ⇒ V (r) = 0, (3.14)
along with V ′ (r) = 0 1 leads to the impact parameter for unstable circular orbit (i.e. D c ), 15) and the radius of unstable circular orbit (i.e. r c ),
One can observe from Eqns.(3.15) and (3.16) that the impact parameter and the radius of unstable circular orbit are independent of the energy (E γ ) and angular momentum (L γ ) of the masless particles and only depends on the mass and non-commutative parameter of a NCBH spacetime. One can obtain the radius of unstable circular orbit numerically by analysing the behavior of P (r) with r as depicted in Fig.(4) . The Eqn.(3.16) has at least one real root where it cuts the r axis (see Fig.(4) ). Hence, it is possible to have a bound orbit for the test particles. In other words, the massless test particles can be trapped by the gravitational field of NCBH. The unstability of the circular orbit is given by,
The unstability condition of circular orbit of massless particles is presented visually in One can see from Eqn.(3.18), the radius of unstable circular orbit in case of NCBH is smaller than the SBH (r c = 3m). This implies that due to the presence of noncommutativity, the gravitational field of NCBH becomes weaker than SBH spacetime in GR. The variation of function h(r) with r is presented in Fig.(6) . The possible orbit of photon for the allowed regions [see Fig.(6) ] is numerically presented in Fig.(7) .
The Time Period:
The time period for circular orbits can be calculated for proper time as well as coordinate time with φ = 2π [10] . For NCBH, using Eqns.(3.1) and (3.2) and integrating for one complete time period, the time period in terms of proper time and coordinate time comes out respectively as below, One can compute T τ and T t for the Schwarzschild BH by considering the limit ǫ → 0. By observing the representative plots of the time periods, it is clear that the time periods for the NCBH are lower than the corresponding Schwarzschild case, which is consistent with the fact that due to the non-commutative parameter the gravitational attraction in NCBH case decreases. 
Case B: For D > D c
Here, the value of impact parameter D = 6.5, which is larger than the impact parameter for the case of unstable circular orbit. In Fig.(9) , the allowed region for the motion of photon and the corresponding types of orbit are presented. There are two possible orbits, one is terminating bound and the another one is a fly-by orbit. One can see from the Fig.9 (c) that the photon comes from infinity and after approaching the turning point it again flies back towards infinity. for the null geodesics approaching the BH from infinity. Here, r h is the radius of event horizon.
IV. FREQUENCY SHIFT OF PHOTONS EMITTED BY MASSIVE PARTICLES
Let us consider the photons with four-momentum, parametrised by
which move along the null geodesics (k µ k µ = 0). With this, the null geodesic constraint equation reads as,
where, g tt = f (r), g rr = f (r) −1 and g φφ = r 2 . The conserved quantities for these photons are therefore,
In order to compute red/blue shifts that emitted photons by massive particles experience while traveling along null geodesics towards an observer located far away from their source, we follow the approach as mentioned in [59, 60] .
The general expression for the frequency of a photon measured by an observer with proper 4-velocity u µ c at point P c reads,
where, the index c refers to the emission (e) and/or detection (d) at the corresponding spacetime point P c . Thus, the frequency of the light signals measured by the comoving observer at the emission point (e) is, 5) whereas the frequency detected far away from the source is,
where, the four velocities of the emitter and the detector are given respectively as below,
, u
Now, the four velocities reads in the case when the detector is situated at a large distance from the source (r → ∞) as follows,
On the other hand, a photon which is emitted or detected at point P c possesses a four
Thus, the frequency shift associated with the emission and detection of photons is given by,
In the case of circular and equatorial plane (u r = u θ = 0), the expression of the red/blue shift becomes,
here, D(≡ L γ /E γ ) is the impact parameter.
Further, we consider the kinematic red/blue shift of photons either side of the central value of impact parameter i.e. D = 0. The expression for red shift corresponding to a photon emitted by a static particle located at D = 0 reads as,
However, the expression of kinematical red shift (z kin ) can be obtained by subtracting
Eqn.(4.12) from Eqn.(4.11),
From the expression (4.13), it follows that the apparent impact parameter D must also be maximized; this quantity can be calculated from the geodesic equation of the photons (or, equivalently, from the relation k µ k µ = 0 (with k r = 0 and k θ = 0) as given below, 14) or, 
(4.17)
In order to have a close expression for the gravitational red/blue shifts experienced by the emitted photons, one would express the required quantities in terms of the NCBH metric. Now, by using the geodesic equations and constraint equation (i.eẍ a + Γ a bcẋ bẋc = 0 and g abẋ aẋb = −1), the four velocity components of massive test particle in equatorial plane can be calculated as,
mentum of a massive test particle respectively. The effective potential thus acquires the following form,
Again from the condition of circular orbit, one can find the general expressions for the constants of motion as, . Here E and L should be real so, r s A(r s ) < 2f (r s ) i.e., The general expression from the stability condition of circular orbit i.e (V ′′ ef f > 0) comes out as, 26) or using Eqn.(4.21), the above equation can be written as, . The stability condition is graphically presented in Fig.(11) . One can observe that on increasing the value of angular momentum, the peaks of stability shift in upward direction. Whereas, the peaks in the plot shifts in downward direction on increasing the value of the non-commutative parameter. From the stability condition, using Eqn.(4.27), one can write,
which in turn implies that r s > 6 m. Further, using the explicit form of E and L from Eqns.
(4.20) and (4.21), the components of four velocity reads as below,
Using these two equations, the angular velocity of particles in these circular paths comes out as,
Since D + = −D − , the redshift z 1 = z red and blueshift z 2 = z blue are equal but with opposite signatures, the general expression for z 1 reads,
. The bound on r s and z with ǫ is shown in Table. I. One can observe from the Table. I that with increasing value of non-commutative parameter, the radius of stable circular orbits as well as frequency shift increases, which implies that beyond a particular value of radius, the orbits will always be stable and the emitted photons by massive particles following these stable circular orbits will always be red shifted. In limit r √ ǫ → ∞, the relation (4.35) reduces into the standard SBH case [60] . (ii) It is observed that the massless test particles can be trapped by the NCBH. The various types of orbits (i.e. unstable circular orbit, fly-by orbit, terminating escape orbit and terminating bound orbit) are present for the massless particles, corresponding to the particular value of the impact parameter.
(iii) It is found that the radius of unstable circular orbit for NCBH is smaller than SBH i.e the gravitational field of a NCBH spacetime is weaker than that of SBH spacetime.
(iv) It is also observed that the time periods for unstable circular orbit is smaller for NCBH as compared to the SBH which is consistent with the fact that the non-commutative parameter is responsible to decrease the gravitational strength of a NCBH case.
(v) The nature of frequency shift of photons emitted by particles moving along circular geodesics is qualitatively similar for different values of the non-commutative parameter.
However, the gravitational field of a NCBH is found to be less attractive in nature in comparison to SBH.
(vi) The effect of non-commutative parameter is very small but it is important since it manifests the nature of spacetime structure at quantum gravity level. We conclude that the gravitation field at quantum level is weaker than that in classical scenario.
In future, we plan to investigate the null geodesic structure of the non-commutative inspired charged and rotating BH spacetimes.
